In previous a priori studies we have examined the flamelet/progress variable model proposed by Pierce and Moin and identified the most important areas for model improvements. The flamelet/progress variable approach is a conserved scalar based model for non-premixed combustion and uses a reactive scalar as an additional parameter in a table lookup. One of the main assumptions in this model is the use of a delta function as a presumed probability density function (PDF) for this reactive scalar. We have previously shown that the use of the beta function provides some improvement. Here, the statistically most-likely distribution is proposed as a presumed PDF for the flamelet parameter. This provides two advantages. First of all, the function depends on a chemical time-scale, and in addition, an arbitrary number of moments can be enforced. The model is applied to flames D and E of the Sandia piloted turbulent jet flame series and results are compared with experimental data.
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I. Introduction
In recent years, large-eddy simulation (LES) has been shown to have advantages in modeling turbulent combustion processes of engineering interest. For the prediction of non-premixed turbulent combustion, the most frequently used models are flamelet models, the transported probability density function (TPDF) method, 1, 2 and the conditional moment closure (CMC) method. 3, 4 The Sandia flame series, including experiments on several piloted partially premixed methane/air jets at varying Reynolds numbers, has been established as one of the most important validation data bases for non-premixed combustion. In the context of Reynolds averaged (RANS) simulations, both the CMC and the TPDF model have been applied to Sandia flames D, E, and F, which increase in the extent of local extinction in that order. Pitsch and Steiner 5 and Pitsch 6 have developed an unsteady flamelet model for LES that accounts for transient effects. Applications of the model to Sandia flame D demonstrate substantially improved predictions compared with steady flamelet models. The CMC and flamelet-based models are conserved scalar based methods, and use a presumed PDF approach to describe the mixture fraction distribution. Although the application of flamelet based models to combustion with local extinction has been discussed in a priori studies, 7, 8 a posteriori simulations have not yet been performed.
In flamelet models, typically the scalar dissipation rate appears as a parameter in addition to the mixture fraction. In the flamelet/progress variable (FPV) model recently proposed by Pierce and Moin, 9, 10 all chemical quantities are expressed in terms of the mixture fraction z and a reactive scalar, such as the progress variable c or a flamelet parameter λ. In this, the model is similar to the models by Janicka & Kollmann, 11 Bruel et al., 12 and Zhang et al. 13 where similar ideas have been used in the context of RANS. The important difference between c and λ at this juncture is that while the progress variable is still a function of z, the flamelet parameter is defined in such a way that it is truly independent of z and can therefore be thought of as a unique identifier of each single flamelet along the S-shaped curve. Here we define λ as λ ≡ c(Z st , χ st ). For the evaluation of the mean scalars, the joint PDF of the mixture fraction and the flamelet parameter P (Z, Λ) then needs to be modeled. Here, the uppercase symbols are the sample space variables of the corresponding lower case symbols. Assuming statistical independence between z and λ, the joint PDF P (Z, Λ) is modeled by using a beta distribution for the mixture fraction 14, 15, 16 and a delta distribution for Λ. This model has recently been applied in the context of LES by Pierce & Moin.
9, 10 The key modeling assumptions of the FPV model have been assessed in an a priori study with particular emphasis on the prediction of extinction and re-ignition effects. 17 In this study, it was concluded that the commonly presumed delta distribution for the marginal PDF of the flamelet parameter leads to an over-prediction of the temperature. Specifically, the broad flamelet distribution caused during the highly dynamic phase of extinction and re-ignition is not accounted for using this distribution. A presumed beta distribution for the marginal PDF of λ is shown to considerably improve the results. Furthermore, it is shown that the strong assumption of statistical independence between Z and Λ, especially for regions away from the stoichiometric mixture fraction Z st , is not fully justified. This can mainly be attributed to the unsteadiness and it is argued that an unsteady FPV model further improves the results.
The present paper addresses the former issue of the modeling of the marginal PDF of Λ in an a posteriori sense. Here, P (Λ) is modeled by a statistically most-likely distribution and its shape is constrained by enforcing the first and second moment of the progress variable. Additionally, a model for the residual or subgrid-scale variance of the progress variable appearing in the model formulation is presented. This extended FPV model is applied in numerical simulations of the Sandia flames D and E and the results are compared with experimental data.
The paper is organized as follows. In section II, the governing equations solved in the large-eddy simulation are presented and the FPV model and extended FPV model are described in detail. In section III, the experimental configuration used in the present simulation and the numerical setup is explained. Results, obtained with the extended FPV model are presented in section IV. The paper finishes with conclusions.
II. Mathematical Formulation
A. Governing Equations for Large-Eddy Simulation
If a Favre-filtered quantities of φ are defined as
where ρ φ = ρφ, the filtered equations for mass, momentum, mixture fraction, and a progress variable can be written in non-dimensional from as
, and the reference diameter, jet bulk velocity, and density have been used for non-dimensionalization:
The residual stresses τ
, and τ SGS c appearing in Eqs. (2) are modeled using the dynamic procedure.
18, 19
B. Combustion Model
Extended Flamelet/Progress Variable Model
In the flamelet/progress variable approach all thermodynamic and chemical quantities are specified in terms of two parameters: the mixture fraction z, which is a passive scalar, and a suitable flamelet parameter λ, which is expressed in terms of a progress variable c. Note, in the following we will use upper case letters to indicate the independent sample space variable Φ and lower case letters for the corresponding dependent stochastic variable φ(t, x). In addition to the solution of the conservation equations for mass and momentum, two additional equations (2c) and (2d) for z and c need to be solved in a simulation. An unclosed chemical source term ρ ω c appears in the transport equation for c along with an unclosed term describing the scalar flux ρ uc. In the present model, the closure of ω c is obtained by employing a presumed joint probability density function approach, which can be written as
and
where φ(Z, Λ) is obtained from the solution of the steady laminar flamelet equations. 20 It has been shown by several authors that the PDF of a passive scalar can reasonably be approximated by a beta distribution. 14, 15, 16 It is well-known that the PDF of a reactive scalar cannot usually be represented by a presumed distribution, as its often multi-modal shape strongly depends on the turbulence-chemistry interaction manifested by extinction and re-ignition processes, reaction time scales, accessed regions in composition space, and higher-moment information. Often employed approximations for P (Λ|Z) or P (Λ) include (double) delta functions, (clipped) Gaussian functions, and the beta distribution. It has been shown in an a priori study that a presumed beta distribution for the reactive scalar results in a significant improvement of mean temperature results when compared with results obtained using a delta function, especially in the case of strong local extinction and re-ignition.
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In this study we will assume statistical independence between z and λ, and use the statistically mostlikely distribution (SMLD) as a presumed PDF for P (Λ). The key idea of SMLD is to approximate the true PDF, which can be constructed from the knowledge of all higher moments, from a reduced set of i known higher moments, subject to the constraint that the resulting PDF, P SML,i , contains a minimum of information, or in other words, a maximum amount of entropy.
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A measure of the uncertainty of the possible states of a stochastic variable can be defined as 22, 23, 24, 25, 26 
where Q(Ψ) is an a priori PDF of the sample space variable Ψ. 26 For a passive scalar Q(Ψ) = q is constant. The a priori PDF Q(Ψ) of a reactive scalar accounts for the bias in composition space: 26 The probability of finding a state in the composition space is inversely proportional to its composition speed due to (a) molecular mixing v m = ψ /τ ψ = χ ψ /ψ and (b) chemical reaction v r = ω ψ . Whereas large values of Q(Ψ) lead to bias towards these values of Ψ, small values for Q(Ψ) reduce the probability of finding a possible state. A suggested form 26, 27, 28 reads as
where ψ = ψ 2 and the norm || · || has been introduced to guarantee that the a priori PDF is a positive quantity. Using calculus of variation, the PDF which maximizes the enthalpy H is found to have the form
and the subscript i denotes the number of enforced central moments and the free parameter vector a is determined subject to the constraints
This can formally be written in matrix form as
and can iteratively be solved to find the roots. In the present study, Bryden's method has been used in order to find the solution vector a.
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By employing the key model assumption that φ = φ(z, λ) and the statistical independence between z and λ, the constraints in (9) can solely be expressed in terms of the progress variable
and β(Z; z, z 2 ) is the well-known beta distribution, parameterized by the first two moments. The a priori PDF appearing in Eq. (8) can be written as
where the time-scale ratio
has been used to replace the unknown dissipation rate of the progress variable, χ c . The chemical source term and scalar dissipation rate are evaluated at the stoichiometric mixture fraction, Z st .
Model for the Subgrid-Scale Variance for Conserved and Reactive Scalar
The subgrid-scale variance of the mixture fraction, z 2 , is modeled by assuming that the rate of production and dissipation are in equilibrium
and C z is computed by a dynamic procedure. Similarly, the subgrid-scale variance of the progress variable is modeled assuming that production, dissipation and the progress variable-chemical source term correlation in the subgrid-scale variance transport equation are in equilibrium:
where
The scalar flux term is modeled by a gradient diffusion model, u c = −α t,c ∇ c, and the turbulent diffusivity α t.c is computed from a dynamic procedure. 19 The subgrid dissipation rate of the progress variable can be expressed by z 2 and χ z using Eq. (13) which results in the model for the subgrid-scale progress variable
It is also possible to directly solve a modeled form of the transport equation for the subgrid-scale variance
The term c ω c in Eq. (17) is obtained from the presumed PDF-model and χ c can be expressed in terms of γ, z 2 and χ z using Eq. (13). Both models, Eqs. (16) and (17), rely on models for the subgrid-scale mixture fraction variance and scalar dissipation rate. The subgrid-scale variance of the progress variable, obtained from Eq. (17) , turns out to be smoother when compared with the solution of Eq. (16), resulting in a more stable simulation. Therefore, results obtained with the second model will be presented in the following.
III. Experimental and Numerical Setup
A. Experimental Conditions
The flamelet/progress variable model is applied to the unconfined turbulent, piloted jet diffusion flames D and E of Barlow & Frank. 30, 31 The central jet nozzle has a diameter of D = 7.2 mm and the annular pilot nozzle diameter is 18.2 mm. The oxidizer air at 291 K is supplied in a co-flow. The fuel jet velocities are 49.6 (±2) and 74.4 (±2) m/s and the pilot gas velocity is 11.4 (±0.5) and 17.1 (±0.75) m/s for flames D and E, respectively. The co-flow velocity is 0.9 (±0.05) m/s. The Reynolds numbers, based on the nozzle diameter, jet bulk exit velocity and kinematic viscosity of the fuel jet, are 22,400 and 33,600, respectively.
The jet fluid consists of a mixture of methane and air in a volumetric ratio of 1 : 3 with a stoichiometric mixture fraction of Z st = 0.351. The pilot stream is a lean premixed gas mixture of C 2 H 2 , H 2 , CO 2 , N 2 , and air with an equivalence ratio of 0.77 and a similar equilibrium composition as the jet fuel with Z st = 0.271. It has been reported that these flames burn as diffusion flames and exhibit no significant premixed reaction zone in the fuel-rich region.
In the following section, ensemble averaged and conditional statistics obtained from the numerical simulation will be compared with experimental data. For clarity, the following notation is introduced:
where φ 2 < is the resolved variance and φ is obtained from Eqs. (1) or (5).
B. Numerical Simulation
The conservation equations for mass, momentum, mixture fraction, and progress variable are solved in cylindrical coordinates.
9
The geometry has been non-dimensionalized by the jet nozzle diameter D and the computational domain is 70D × 23.5D × 2π in the axial, radial, and circumferential direction, respectively. The radial direction is discretized by 152 unevenly spaced grid points concentrated in the fuel and pilot stream. For the fuel jet radius and pilot annulus 18 and 33 grid points are used. The grid in axial direction uses 256 points and is stretched in downstream direction while the circumferential direction is equally spaced and uses 64 points. The minimum and maximum filter width in the domain are ∆ min = 4.14 × 10 −2 (boundary layer in the fuel jet) and ∆ max = 1.01 (outermost grid cell at the outflow plane). A section of the axi-symmetric computation domain is shown in Fig. 1 . The turbulent inlet velocity profile is generated by separately performing a periodic pipe flow simulation, enforcing the mean and rms axial velocity components as measured by Schneider et al.
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The numerical simulation is run over ten flow-through-times to obtain a statistically stationary flow field, and statistics are collected thereafter over 5 flow-through-times.
C. Chemistry Mechanism and Combustion Model
Steady flamelet calculations have been performed using the FlameMaster code. 33 Chemistry is described by the GRI 2.11 mechanism, 34 consisting of 279 reactions among 49 species. Pitsch 35 has argued that only a thin region around the reaction zone is governed by molecular transport, whereas the outer mixing region is dominated by turbulent transport implying unity Lewis number. Hence, the Lewis numbers of all chemical species are assumed to be unity. In the present simulation the progress variable is defined as c ≡ y CO2 + y CO + y H2O + y H2 . Radiation has not been considered in the present simulation. As a result, the peak temperature in the downstream region is presumably over-predicted by about 50 − 100 K using the present model. By introducing the enthalpy as an additional progress variable, the FPV model has been extended to incorporate thermal radiation effects. Results obtained with this model confirm that the mean centerline temperature for flame D is reduced by approximately 100 K for x/D > 40.
After integrating the flamelets with the presumed PDF, the mean value of all chemical quantities are a function of four parameters, φ = φ( z, z 2 , c, c 2 ). The library is discretized with 100 and 75 uniformly distributed grid points in the z and c directions, respectively. For both the z 2 and c 2 directions, 20 points are used and the grid spacing follows a geometric growth law.
In the present simulation, the time scale ratio, appearing in Eqs. (12) and (17), is set to unity. In principle, a model based on the mapping closure following Cha et al. 36, 37 could be employed for a better prediction of γ. This, however, would then introduce γ as a fifth independent parameter into the FPV model.
IV. Results and Discussion
A. Sandia Flame D
The axial profiles for mean and rms value of axial velocity, mixture fraction and temperature are shown in Fig. 2 . The velocity is normalized by the jet bulk velocity. Results obtained with the extended FPV model (solid lines) are compared with experimental data (symbols). The velocity profiles obtained form the simulation are in reasonable agreement with experimental data from the LDV-measurements. The velocity near the nozzle, x/D < 15, is under-predicted and over-predicted thereafter. The potential core is virtually not existing. The reason for this cannot be attributed to insufficient grid resolution, as in the region near the nozzle, say for x/D = 5, the ratio of filter width to Kolmogorov length scale is roughly ∆/η ≈ 7. This is estimated from 38 Re T ∼ The second row in Fig. 2 shows the comparison of the predicted and measured mean and rms mixture fraction. The decay rate of the mean mixture fraction is under-predicted compared with the experimental data after x/D > 20 which results in an over-prediction of the stoichiometric flame length L st = 53.4D. The experimentally determined flame length is L st = 48D. The resolved rms mixture fraction is in excellent agreement with experimental data.
The axial profiles of the mean and rms temperature are shown in the bottom row of Fig. 2 . The mean temperature profile is closely linked to the mixture fraction profile: the mean temperature is under-predicted in the rich part for x < L st and over-predicted thereafter which is caused due to the slow decay of the mean mixture fraction. The over-predicted mean temperature by approximately 100 K in the far field is also attributed to the fact that the present FPV model does not account for thermal radiation effects.
Turbulent non-premixed combustion processes are strongly effected by an intense interaction between chemistry on the small scales and turbulent mixing. For an appropriate assessment of only the combustion model it is essential to separate both effects. This can be accomplished by comparing data, conditioned on the mixture fraction. the fuel-lean side and consistently over-predicted by approximately 100 K on the rich side. A partially premixed reaction zone on the rich side is not apparent. The simulation using the FPV model predicts an higher fuel-consumption on the rich side which might be due the under-predicted local extinction for x/D < 30. Near the nozzle the mass fraction of molecular oxygen is under-predicted for 0.35 ≤ z ≤ 0.5. This and the higher methane-consumption results in the higher prediction of the major products H 2 O and CO 2 for the first two measurement stations. Both, H 2 O and CO 2 are in excellent agreement with experimental data for x/D ≥ 30. The carbon in the fuel is converted to carbon monoxide, and consequently, the higher fuel consumption on the rich side results in the over-prediction of CO. CO on the lean side is in good agreement with experimental data. The peak value of the intermediate hydroxyl radical is over-predicted at the first two measurement stations, shown in Fig. 4 , by approximately 30% and 18% for x/D = 7.5 and 15, respectively. Results for the other two downstream stations are in excellent agreement with experimental data.
B. Sandia Flame E
Flame E is characterized by a higher level of local extinction and re-ignition and is therefore a more demanding test case for combustion models. The characteristic Reynolds number, based on the jet bulk velocity, jet nozzle diameter and kinematic viscosity, is 33,600.
Mean and rms results obtained from the numerical simulation along the centerline are compared with experimental data for flame E in second row in Fig. 5 shows the mean and resolved rms mixture fraction. The mean mixture fraction is over-predicted and hence the stoichiometric flame length is too long. The flame length extracted from the simulation is L st = 55.5 compared to L st = 50 from the experiment. The mean temperature, shown in the bottom row of Fig. 5 , is in excellent agreement with the experiment. However, it can be anticipated that a correct prediction of the mixture fraction field will result in a higher mean temperature profile. The resolved temperature fluctuations are again in good agreement between experiment and simulation. The first peak at x/D ∼ 30 is correctly predicted and the second peak at x/D ∼ 60 is under-predicted. Figure 6 and 7 shows the conditional mean quantities for temperature, major and minor species at axial position x/D = {7.5, 15, 30, 45}. The mean temperature at the first two measurement stations in Fig. 6 , obtained from the simulation, is in good agreement in the lean part but is over-predicted at the fuel-rich side. A premixed reaction zone is not visible in the simulation. This good agreement between simulation and experiment is evident for x/D = 30 and 45, where the temperature is mainly due to post-reaction and heat diffusion. As already observed for flame D, the fuel consumption rate is slightly too high on the rich side, compared with experimental data. This and the under-predicted O 2 mass fraction, shown in third row of Fig. 6 , results in an over-prediction for the stable species CO and H 2 O. Carbon dioxide, shown in Fig. 7 , as major product species, is in excellent agreement with the experimental data. Considering the elevated level of extinction for flame E in the region x/D < 30, all major and minor product mass fractions can considered to be in good agreement with the experimental data.
V. Conclusions
The flamelet/progress variable approach of Pierce & Moin 9, 10 has been extended for the prediction of local extinction and re-ignition effects in turbulent diffusion flames.
A presumed PDF, based on the statistically most-likely distribution, has been used for the marginal PDF of the flamelet parameter. The shape of this PDF is determined by enforcing the first two moments of the progress variable. The extended FPV model requires then, in addition to z, z 2 and c, the solution of the subgrid-scale progress variable variance. Two models for z 2 have been proposed which both introduce the time scale ratio γ. In the present paper, c 2 is obtained from the solution of a transport equation for c 2 .
The extended FPV model has been applied in an large-eddy simulation of Sandia flames D and E. The results obtained for both cases are in good agreement with experimental data. This demonstrates the ability of the extended FPV model to predict local extinction and re-ignition effect in turbulent diffusion flames. 
